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Abstract

This paper reports tests of functional measuremeary for multiplicative models of informa-
tion integration, and shows that ratio-scale messaof mental magnitude can be computed.

Functional measurement is a theory of measurenfenental magnitude and of quantitative infor-
mation involved in the generation of mental magigtfAnderson 1981 1982 1996 2001). For ex-
ample, when one lifts an object while looking atlie heaviness of the object results from the inte
gration of muscular quantitative information abobject weight and visual quantitative informa-
tion about object size (Anderson 1970). Functionabsurement provides measures such as those
of this heaviness and of this muscular and visuahgjtative information.
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Table 1. Representation of a factorial table reporting meelfirestimatesR;, of mental magnitude pro-
duced by the ordered valugsandy; of two independent variableandY, respectively, with the integers
from 1 tol andj the integers from 1 ta.

To obtain measures of quantitative information imed in the generation of mental magnitude, the
joint use of a factorial experimental design ané ofiethod of self-estimation involving a linear re-
sponse function is required. In the simplest faatatesign,| valuesx, of some variabl& increas-
ing withi, andJ valuesy; of some variablé increasing with), are predefined, withandj being in-
tegers in the intervals (1) and (1,J), respectively. Experimental stimuli are constedceach with

a different combination of andy;. For example, stimuli could be cylinders with ditnt combina-
tions of volume and weight. In each stimulus, scisjself-estimate the magnituggof some men-
tal attribute produced by andy;. For example, subjects could rate the magnipidef the heavi-
ness of a lifted cylinder. Table 1 represents &oféal table reporting mean self-estimakQsof pj.

For sake of simplicity, here we consider only theas when the number of observations in the cells
of the factorial table is as large as to make stechdrrors of means negligible.

Functional measurement assumes that the respamst@fuis

Rj =Co + €1 pj [1]
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with ¢o andc; unknown constants. Thug; is assumed to be a measurg@pbn an interval scale.

At a neural level, let the quantitative informatiaimoutx, andy; be&; andyy;, respectively. This in-
formation must be integrated to prodyge One common rule of integration is representethby
multiplicative model

pij =& v - (2]

The response function and the multiplicative mgdeitly determine the functional measures¢pf
and ofy;. These measures are derived as follows (Ander88h 1982).

The means oR; for each Row and for each Columpof Table 1 are

_ J . _ | .
Ri =Zﬁ and Rj :Zﬁ, respectively.
= J =l
Equations 1 and 2 imply that
_ J Ch+C & . _ | ¢, + . .
R =Zl%§'w’ and R :ZM respectively.
j= i=1

Since eaclg; of a given row is the same for each column, amth ggof a given column is the same
for each row, these means are

Ri=¢,+c'g, [3]
and
Rj=cy+C"y, [4]
J . | .
with ¢'= Z& andc" =ch—§' constants specific of the factorial design beingous

j=1 i=1

Thus, R and R; are interval-scale measureséphndy;, respectively.

Tests

By putting Equations-14 together and rearranging one obtains the liredations

R; =¢y —kcy + kRi with k=%(ﬁj —Co) [5]
c'c
and
Rij =Cy— k'CO + k'ﬁj with k':%(ﬁi _Co)- [6]
c'c

Several empirical tests have been made which cordifferent predictions from Equations 5 and 6
(Anderson, 1981 1982 1991 1996). The followingaditional tests of these equations.
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Test 1 If the intercepty —k ¢p in Equation 5 increases witR; thenc, is negative, and if this inter-
cept decreases &®; increases theg is positive. Equation 6 involves a similar test.

Test 2 Functional measurement theory for multiplicatimedels provides ratio-scale measureg; of
andy; (Anderson, 1982, pp. 82-83). These measures maptagned as follows. For each Row
and each Columpconsider, respectively, the differences with mimmrelative error

b =|Ril_RiJ| [7]
and
D; =|Ryj ~ Ry|. [8]

By putting Equations,12, and 7 together and rearranging one obtains
Di =ug; [9]
and by putting Equations 2, and 8 together and rearranging one obtains

with u= ¢ [y; —y,| andv= ¢, [¢; - &, |constants specific of the factorial design beingous

Thus,D; andD; are functional ratio-scale measures;a#f |;, respectively.

Finally, by putting Equations 1, 2, 9, and 10 tbgetand rearranging one obtains
_ ol
. =Cy+—D; D; . 11
RI] Co uv i j [ ]

By assumptiorty is a constant. Accordingly, Equation 11 predibist & is invariant withD; when
R; is plotted as a function @, and is invariant witl); whenR; is plotted as a function &j;.

Tests 1 and 2 applied on Anderson and Butzin's refis

Anderson and Butzin (1974) tested empirically thedel that the performance attributed by a sub-
ject to an individual is equal to the product oftiwation and ability attributed by the subject et
same individual. On a 20-cm graphic bar, labeleghHind Low at the ends, twenty subjects rated
the performance of applicants to graduate schodl.(Aotivation)x 4 (ability) factorial design was
used. Each level of motivation or of ability waatst to the subject as either low (L), slightly be-
low average (M), slightly above average (W or high (H). Subjects rated performance of appli
cants for each combination of levels of motivataod ability.

Table 2 reports the mean ratings of performafgederived from Anderson and Butzin's (1974)
Figure 2. The interval-scale measuresand R;, and the ratio-scale measuf@sandD;, calculated
on these mean ratings are also reported. In FibuRg is plotted as a function of the interval-scale
measureR: (left) and of the ratio-scale measube(right) of motivationwith the parameters being
the interval-scale measume; and the ratio-scale measudgof ability, respectively. For each pa-
rameter value, a straight line obtained by leasasep fitting is depicted.
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Ability
yi Y2 Y3 Ya
L M) M) H g p
X1 (L) 3.3 50 7.2 9.0 6.1 5.7
X2 (M7) |45 7.4 9.4 11.3 8.3 6.6
Motivation x3(M*) |7.6 9.9 12.4 14.5| 11.1 6.9

xs(H) |9.0 11.6 14.7 17.5| 13.2 8.5

R 6.1 8.5 10.9 13.1
j

D, 5.7 6.6 7.5 8.5
Table 2.Mean ratings of attributed performance obtainedbglerson and Butzin (1974, Figure 2) for each

combination of low (H), slightly below average Vslightly above average (1)) and high (H) levels of at-
tributed motivation and of attributed ability.

In Figure 1, in the left diagram, the intercepfited lines increases witR;. Consequently, Test 1
predicts thatyp is negative. Test 2 predicts thagtis invariant withD;. The results in the right dia-
gram show that these predictions are confirmedirttexceptc, of the fitted lines is negative and
essentially invariant witld;, in agreement with the assumption of Equationat d¢his a constant.
WhenR; is plotted as a function dR; and ofD;, ¢, is negative and essentially invariant widh

R Dj

20+ 131 _ 8.5
10.9 7.5
8.5 6.6

10+ 61 5.7

Noo] i
-10 4 _
-20 T T 1 T T T
0 5 10 15 0 2.5 5 7.5
R Di

Figure 1. Mean ratings of performanc® reported in Table 2) as a function of an intesedle measure

Ri (left) and of a ratio-scale measudg(right) of motivation. The parameters are thervaéscale meas-
ures Rj and ratio-scale measurBgof ability, respectively.

One important feature of functional measuremenorhés that it allows for ratio-scale measure-
ment of mental magnitude. In fact, Equation 1 maydwritten as

Rj —Co =C pj-

The quantityR; — ¢ is a ratio-scale measure @f. Since we determing; empirically and estimate
Co by some fitting procedure, we can obtain ratidescaeasures of mental magnitude.

450



Cases whercg=0

The constant, in Equation 1 depends on the specific factorigigie and on the specific procedure
for the method of self-estimation being used. Tésigh and the rating procedure used by Anderson

and Butzin (1974) producedag # 0. It may be that the design and the self-estwnagirocedure
produce &, = 0. In this case Equation 1 reduces to

Rj =Cy pjj-
That is, in this case, subject’s self-estimatesiaect ratio-scale measure @f.

Whenc, = 0, each of Equations 5 and 6 reduces to

S ==
R = Ri R 12
I et F [12]
and Equation 11 reduces to
G
=1 D D . 13
Ry uv [13]

Thus, whency = 0, the factorial graphs implied by Equationsati2l 13 are each a fan of straight
lines with a common origin equal tg = 0.

Shanteau and Anderson (1972) used a factorial mlesid a rating procedure that producegd a 0.
These authors tested the model that, in makingceside, the judged worth of an added piece of
probabilistic information is equal to the produttlus added piece of probabilistic information and
the amount of prior probabilistic information reden for the decision. A 4 (added informationd
(prior information) factorial design was used. Teels of added information were the probabili-
ties 1/6, 3/6, 5/6, and 6/6. The levels of pridormation were the probabilities 0.5, 0.6, 0.7,,0.8
and 0.9. On a 50-cm graphic bar, thirty-two sulgjaetted worth of added information for each
combination of levels of added and prior informat{each single rating was multiplied by 2).

Prior Information
Y1 Y2 Y3 Ya Ys
(0.9) (0.8) (0.7) (06) (0.5) 7 p
X1 (1/6) 36 59 88 93 11.1 7.7 1.5
Added X, (3/6) | 11.1 17.9 22.3 27.6 33.6| 22.5 22.5
Information  x,(5/6) | 18.5 28.1 36.0 45.0 54.2| 36.4 35.7

X4 (6/6) 23.3 33.0 42.8 52.7 65.1| 43.4 41.8

ﬁj 14.1 21.2 27.5 33.7 41.0

D, 19.7 27.1 34.0 43.4 54.0

Table 3. Mean ratings of worth of added probabilistic infation obtained by Shanteau and Anderson
(1972, Figures 1 and 3) for each combination o¢lewf added and prior probabilistic informatiomig in-
formation is expressed in terms of the probabditieported within parentheses.

Table 3 reports mean rating of worth of added information obtained by Shantead Anderson
(1972, Figures 1 and 3) excluding the ratings oflid@repant subjects. It also reports the interval-
scale measurds and R;, and the ratio-scale measuf&sandD;, calculated on these mean ratings.
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Figure 2. Mean ratings of worth of added informatid®, (reported in Table 3) as a function of an interval
scale measur®; (left) and of a ratio-scale measubg(right) of added information. The parameters aee t
interval-scale measuresj and ratio-scale measurBgsof prior information, respectively.

In Figure 2,R; is plotted as a function of the interval-scale suga Ri (left) and of the ratio-scale
measureD; (right) of added informationfhe parameters are the interval-scale mea®jrand the
ratio-scale measur®; of prior information, respectively. For each paeten value, a straight line
obtained by least squares fitting is depicted.

In Figure 2, the intercept of fitted lines in thedtldiagram is essentiallyy = 0. Accordingly, also
the intercept of fitted lines in the right diagrasnessentiallyc, = 0. Similar results are obtained
whenR; is plotted of a function oR; and ofD;.

In conclusion, the present tests confirm functianabsurement theory for multiplicative models.
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